REMARKS ON HALL ALGEBRAS OF TRIANGULATED 

CATEGORIES 



JIE XIAO AND FAN XU 



(3JQf Abstract. By a detailed investigation of the proof in |20l , we give the explicit 

^ _ relations among several versions of derived Hall algebras in |19] , [20] and [9] . 



1. Introduction 

Let A; be a finite field of q elements and A be a finitary fc-category, i.e., a (small) 
abelian category satisfying: (I) \Hom A (M,N)\ < oo; (2) |Ext^(M,iV)| < oo for 
any M, N G A. The Hall algebra 7i(A) associated to a finitary category A is origi- 
nally defined by Ringel in |I7] in order to realize quantum groups. In the simplest 
version, it is an associative algebra , which, as a Q- vector space, has a basis consist- 
ing of the isomorphism classes [X] for X E A and has the multiplication [X] * [Y] = 
E[i] Sxr[ L h where X,Y,L G A and g^ Y = \{M C L\M ~ X and L/M ~ F}|. 
The structure constant g^ y is called -ffaZ? number and the algebra 'H(.A) now is 
called Ringel-Hall algebra. The Ringel-Hall algebras have been developed many 
variants (see [3]) as a framework involving the categorification and the geometriza- 
tion of Lie algebras and quantum groups in the past two decades (for example, see 

da M EH El MM)- 

It is easy to verify the associativity property of the Ringel-Hall algebra from an 
abelian category. As a generalization, aiming at a global realization of quantum 
groups, two kind Hall algebras associated to derived categories or triangulated 
categories with some homological finiteness conditions were given by Toen |I9j 
and by Kontsevich-Soibelman [S]. The associativity property of these algebras 
become a uneasy thing. In [20], we have given a direct proof for Tocn's derived 
Hall algebras by counting some invariants which appear in the octahedral axiom. 
Another new development is the theory of motivic Hall algebras, see Bridgeland pQ, 
Joyce ( [31 El G3 H] ) and Kontsevich-Soibelman [9], in particular, the Hall algebra in 
[5] is not only for triangulated category but also in motivic version. 

In this note, we will point out that the method of the paper [20| provides two 
symmetries associated with the octahedral axiom, actually they are equivalent, the 
first symmetry implies the associativity of the derived Hall algebra in the sense of 
Toen, the second symmetry implies the associativity of the Hall algebra in the sense 
of Kontsevich-Soibelman. Therefore we obtain an explicit isomorphism between the 
two Hall algebras. In the last section we use our method to give a new proof of the 
associativity property of the motivic Hall algebra of Kontsevich-Soibelman [9]. 
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2. A GENERALIZATION OF THE RlEDTMANN-PENG FORMULA FOR 
HOMOLOGICALLY FINITE TRIANGULATED CATEGORIES 

We recall some notations and results in [20]. Let be a finite field with q 
elements and C a (left) homologically finite fc-additive triangulated category with 
the translation (or shift) functor T = [1] satisfying the following conditions (see 

M) 

(1) the homomorphism space Hom(X, Y) for any two objects X and Y in C is 
a finite dimensional fc-space; 

(2) the endomorphism ring EndJT for any indecomposable object X in C is a 
finite dimensional local fc-algebra; 

(3) C is (left) locally homological finite, i.e., Yl%>o dim* hom(X[i], Y) < oo for 
any X and Y in C. 

Note that the first two conditions imply the validity of the Krull-Schmidt theorem 
in C, which means that any object in C can be uniquely decomposed into the direct 
sum of finitely many indecomposable objects up to isomorphism. 

For any X, Y and Z in C, we will use fg to denote the composition of morphisms 
/ : X — > Y and g : Y — » Z, and \S\ to denote the cardinality of a finite set S. 

Given X,Y;Le C, put 

W(X, Y; L) = {(/, g, h) G Hom(X, L) x Hom(i, Y) x Hom(Y, X[l}) \ 
lAi4F^I[l]isa triangle}. 

There is a natural action of AutX x AutF on W(X, Y; L). The orbit of (/, g, h) E 
W(X,Y;L) is denoted by 

(/, ff ,/i) A := {(a/, 3 c- 1 ,c/ l (a[l])- 1 ) | (a, c) G AutX x Auty}. 

The orbit space is denoted by V(X,Y;L) = {(f,g,h) A \(f,g,h) G W(X,Y;L)}. 
The radical of Hom(X, Y) is denoted by radHom(X, Y) which is the set 

{/ G Hom(A", Y) \ gfh is not an isomorphism for any g : A — > X and 

h : Y — >• A with A G C indecomposable }. 

For any L ^> there exist the decompositions L — L\{n) (B L2{n), Z[l] = 

Zi[l](n)®Z 2 [l](n) and 6 G AutL, d G AutZ such that ^^(^[l])" 1 = 

and the induced maps Tin '■ Li(n) — > Zi[l](n) is an isomorphism and n 2 2 '■ Li(n) 
Z2[l](n) belongs to radHom(L2(n), Z2[l](n)). The above decomposition only de- 
pends on the equivalence class of n up to an isomorphism. Let a = (Z,m,n) A G 
V(Z, L; M), the classes of a and n are determined to each other in V(Z, L; M). We 
may denote n by n(a) and L\{n) by L\{a) respectively. 

Denote by Hom(X, Y)z the subset of Hom(A", Y) consisting of the morphisms 
whose mapping cones are isomorphic to Z. For X, Y G C, we set 

{X,Y} ^niHompqi],^- 1 ) 4 . 

By checking the stable subgroups of automorphism groups, we have the following 
proposition. 
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Proposition 2.1. [2Qj Proposition 2.5] For any M,L and Z in C, the following 
equalities hold 

|Hom(M, L) Z [i] | {M,L} ^ |Endii(a)| 



|Auti| {Z,L}-{L,L} a&v fc L;M) |AutL x (a) 

|Hom(Z,M) L | {Z,M} y, |Endii(a)| 



|AutZ| {Z,L}-{Z,Z} Q£y ^. M) |AutLi(a)| 

Using the proposition, one can easily deduce the following corollary. 
Corollary 2.2. For any X, Y and L in C, we have 

|Hom(y,X[l]) £[1] | {Y,X[1}} = |Hom(L,r) x[1] | {L, Y} 

\AutX\ ' {X,X} |Aut£| ' {L, L} 

and 

|Hom(y[-l],X) L | {y[-l],X} = \Rom(X : L) Y \ {X,L} 

|Auty| ' {y,y} |Auti| ' {l,l}' 

Let ^4 be a finitary abelian category and X,Y,Le A. Define 

E(X, Y] L) = {(/, g) G Uom(X, L) x Hom(Z, F) | 

0^X^>l4y- ;> is an exact sequence}. 

The group AutX x Auty acts freely on E(X, Y; L) and the orbit of (/, g) G 
E{X,Y-L) is denoted by (/, 5 ) A := {(a/,^ 1 ) | (a, c) G AutAT x Auty}. If the 
orbit space is denoted by 0(X,Y;L) = {(/,5) A |(/,5) G E(X,Y;L)}, then the #a/Z 
number g^ Y = |0(AT, y; It is easy to see 

l \M(X,L) Y \ \M{L,Y) x \ 
Sxy \AutX\ | Auty | ' 

where M. (X, L)y is the subset of Hom(X, L) consisting of monomorphisms f : X 
L whose cokernels Coker(/) are isomorphic to Y and M(L, Y)x is dually defined. 

The equality in Corollary |2.2l can be regarded as a generalization of the Riedtmann- 
Peng formula in abelian categories to homologically finite triangulated categories. 
Indeed, assume that C — V b (A) for a finitary abelian category A and X, Y and 
L G A. Then one can obtain 

Hom(y,X[l]) L[1] =Ext 1 (y,X) i , {Y,X[l]} = \Uom A (Y,X)\- 1 . 

where Fixt 1 (X, Y)l is the set of equivalence class of extension of Y by X with the 
middle term isomorphic to L and 

^- JH °T A uty! X111 ' {^} = {^ } = { L,y} = o. 

Under the assumption, Corollary 12.21 is reduced to the Riedtmann-Peng formula 

mm)- 

lExt^y^Li 



|Honu(y,X)| 



g^ Y ■ \AutX\ ■ | Auty | • |Auti| 
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3. TWO SYMMETRIES 



Consider the following commutative square diagram in C, which is pushout and 
pullback in meantime, 




Applying the Octahedral axiom, one obtain the following commutative diagram: 
(3.1) Z Z 




with rows and columns being distinguished triangles and a distinguished triangle 



/ 



■L'[l] 



( /' -m' ) 
(3.2) L' >-M®X- 

The triangle induces two sets 

Hom(M © X, L) Y ) Z ^ ] := {(to, /) e Hom(Af © X, L) 

Cone(f) ~ Y, Cone{m) ~ Z[l] and Cone(m, f) ~ L'[l}} 



and 



Hom(L', M © X) Y ' Z[1] := {(/', -to') e Hom(Z/, M © X) 
Cone(f') ~ F, Cone(TO') ~ Z[l] and Cone{f, -to') ~ L}. 

The symmetry-I: The orbit spaces of Hom(M © X, L)^ 1 ' and Hom(L',M © 

X) YZ ^ under the action of AutL and AutL' respectively coincide. More explicitly, 
the symmetry implies the identity: 

|Hom(M ®X.L) YZ ^ ] \ { M (BX,L} _ |Hom(L', M © X) Y L Z[1] \ {L',M®X} 



|AutL| {L',L}{L,L} |AutL'| {L',L}{U,L'}' 

Proof. The equality is a direct application of Proposition ^. II to the triangle [3.2l □ 
Roughly speaking, The symmetry-I compares 



( /' -ml ) 
L >- M®X 



and 



M®X- 



m 
f 



in the triangle 
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The diagram 13.11 induces a new symmetry which compares 

L >J+M^L and L'^lii. 
Using the derived Riedtmann-Peng formula (Corollarv l2.2[) . we have 

|Hom(y[-l],LVI {Y[-l],L'} _ |Hom(i', M)y | {L',M} 



and 



|AutY| 


{Y,Y} 


|AutM| 


{M, M) 


|Hom(L,Z[l]) M[1] | 


{L,Z[1]} 


|Hom(M,i) x[1] | 


{M,L} 


|AutZ| 


{Z,Z} 


|AutM| 


{M, M} ' 


\Rom(X,Z[l]) L , m \ 


{X,Z[1]} 


\Rom(L',X) z[1] \ 


{L',X} 


\AutZ\ 


{Z,Z} 


|AutL'| 


{L',L'Y 


\Rom(Y[-l},X) L \ 


{Y[-1},X} 


|Hom(X, L) Y \ 


{X,L} 



|AutY"| {Y,Y} |AutL| {L,L}' 

Hence, one can convert to compare 

Y-^L'[l],L-%-Z[l] and X X- Z[l], Y X[l] 

in the diagram l3.ll In order to describe the second symmetry, we need to introduce 
some notations. Fix X, Y, Z, M, L and L', define 

V L >L , = {(mj,h,n) £ Hom(M, L) x Hom(X,L) x Hom(y,X[l]) x Hom(L,Z[l]) 
(to, /, h, n) induces a diagram with the form as Diagram 13. 11} 

and 

= {(f,m',h',n) e Hom(L',X)xHom(i',A/)xHom(y",L'[l])xHom(X,Z[l]) | 
(to', f ,h ,n) induces a diagram with the form as Diagram 13. II} . 
Here, we say "(to, /, h, n) induces a diagram with the form as Diagram 13. IP means 
that there exist morphisms mf, f ,h , n' , <?, <?' , I, I' such that all morphisms constitute 
a diagram formed as Diagram 13. II The crucial point is that the square 

L' — M 

m' 171 



is both pushout and pullback and rows and columns in Diagram 13.11 are distin- 
guished triangles. Note that the pair (/', m') is uniquely determined by (to, /, h, n) 
up to isomorphisms under requirement, so the above notation is well-defined. 
There exist natural projections: 

P ■■ V L . L , -> Hom(F, X[l]) x Hom(L, Z[l]), 

i x : Hom(F,X[l]) x Hom(i,Z[l]) -> Hom(y,X[l]) 

and 

i 2 :Hom(F,X[l]) X Hom(L, Z[l]) ->■ Hom(L, Z[l\). 
The image of i\ op is denoted by Hom(Y, X[l])^j 1 j and given h £ Hom(Y, X^])^^, 
define Hom(L, ■Z'fl])^^, to be %2 ° V 1 H 1 ^)- It is clear that 

Hom(Y,X[l]) L[1] = □Hom(Y,X[l])f [1] . 
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Similarly, there exists projections: 

q ■ £>L',l -> Hom(y,i'[l]) x Hom(X, Z[l]), 
j x : Hom(T,L'[l]) x Hom(X,Z[l]) -> Hom(F, L'[l]) 

and 

j 2 : Hom(y,L'[l]) x Hom(X,Z[l]) ->• Hom(Jf, Z[l]). 
The image of j\oq is denoted by Hom(X, ^[l])^,^, and for any n' £ Hom(X, 

denote j 2 op" 1 ° jTV) b y Hom(F, 
The symmetry-II: 

• Fix /i e Hom(Y", Xfl])^^!, then there exists a surjective map /* : Hom(L, ^[l])j^m — > 
Hom(X, ■Z'[l])£,r 1 j satisfying that the cardinality of any fibre is 

K/*)- 1 ! := |Hom(Y, Z[l])\ ■ {X ®Y, Z[l}} ■ {L, Z[l]}-\ 

• Fix n' 6 Hom(X, , then there exists a surjective map (m')» : 

Hom(Y, L'[l])™ f j^ — > Hom(Y, X [1])^^ satisfying that the cardinality of any 
fibre is 

Km')" 1 ! := |Hom(F, Z[l])\ ■ {Y,X[1} © Z[l}} ■ {Y, L'[l]} _1 ; 
. • {Y, X[l}} ■ {L, Z[l}} = Km')" 1 ! • {X, Z[l]} ■ {Y, L'[l}}. 

Proof. Given h G Hom(y, Xll])^^ , there exists a triangle 

a: X U L ^Y \ X[l}. 

Consider the action of the functor Hom(— , Z[l]) on the triangle, we obtain a long 
exact sequence 

^ Hom(Y, Z[l\) Hom(L, Z[l]) Hom(X, Z[l\) • • • 

Then the cardinality oflm(w) is |Hom(y, Z[l])\ -{X®Y, Z[1]}-{L, Z[l]}- 1 . The map 
/* is the restriction of v to Hom(X, Z[l])^| 1 j. By definition, /* is epic and the fibre 
is isomorphic to Ker(w) = Im(u). Thus the first statement obtained. The second 
statement is proved in the same way. The third statement is a direct confirmation. 

□ 

Note that there also exists projections: 

P12 ■ V L . L , ->• Hom(M © X, L) 

with the image Hom(M © X, L) Y L Z { ^ ] and 

912 : V L ,. L -> Hom(L', M © X) 

with the image Hom(L',M © X)£ . The symmetry-I characterizes the rela- 
tion between Impi2 and Im<7i2. Meanwhile, The symmetry-II characterizes the 
relation between Imp and Img. The relation between Impi2 and Imp (Im<7i 2 and 
Imq) is implicitly shown by the derived Riedtmann-Peng formula (Corollary 12. 2p . 
More explicitly, consider the projections 

<i : Hom(M © X, L) -)■ Hom(X, L) and t 2 : Hom(M © X, L) ->■ Hom(M, L) 



REMARKS ON HALL ALGEBRAS OF TRIANGULATED CATEGORIES 



7 



and 

si : Hom(L', M @ X) ->• Hom(L', X) and s 2 : Hom(L'. M © X) -» Hom(L', M). 
Using Corollary 12.21 we obtain 

IHom^Xjl])^ {y,X[l]> _ Miopiaj {X,L} 

|Autr| ' |AutL| ' {l,l}' 

Given a triangle a : X -U L A Y \ X[l] with h e Hom(Y',JX'[l])£| 1 -|, applying 



Corollary 12.21 again, we have 



iHomOL,^!])^',! [L,Z[1]} _\t 20 p^oti 1 (f)\ {M, L} 



\AutZ\ {Z,Z} |AutM| {M, M} ' 

In the same way, we have 

|Hoin(X,.Z'[l])£, [1] | {X,Z[1}} _ llmsiogial {L',X} 
|AutZ| ' {Z,Z} ~ |AutL'| '{£',£'}' 

and 

iHom^^tl])^! {F, £'[!]} = laaog^oar'a)! 

|Auty| ' |AutM| '{m,m}' 

The above four identities induces the equivalence of The symmetry-I and The 
symmetry-II. 

4. TWO VERSIONS OF DERIVED HALL ALGEBRAS 

For any X, Y and L € C, set 

\Bom(L,Y) x[1] \ {L, Y} \Rom(X,L) Y \ {X,L} 



xy |AutF| {Y,Y} \AutX\ {X,X}' 

Theorem 4.1. /|19j .|20j ) Let H(C) be the vector space over Q with the basis {u\x] \ 
X G C}. Endowed with the multiplication defined by 

U[X] * U [Y] =^2FxyU[l], 

[L] 

H(C) is an associative algebra with the unit it[oj. 

We recall the proof sketch of the theorem. To prove u\z\ * ( u [x] * u [y]) = i u [z] * 
u\x]) * U [Y] is equivalent to prove 

^XY^ZL - 2 ^ZX^L'Y- 
[L] [L>] 

It is direct to check 

1 v v |Hom(M ® X, L)™ | {M X, L} 

|AutX|.{X,X}^^ |AutL| ■ {£, I/} • 

1 v v |HomQL', M g a)^- z[1] | {fiiei} 
|AutA|-{A,A}^^ |AutL'| ' {L',L'} ' 

The symmetry-I naturally deduces LHS=RHS and then complete the proof of 
Theorem 14.11 
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In [9], Kontsevich and Soibclman defined the motivic Hall algebra for an ind- 
constructible triangulated Aoo-category. It is easy to extend the definition to a 
homologically finite triangulated category over k. Define %m (C) to be the vector 
space over Q with the basis {upn I X S C}, endowed with the multiplication defined 

by 

v [X ]*v [Y] = {Y,X[l]}-J2\Kom(Y,X[l]) L[1] \v [L] 

m 

= {Y[-l],X}-J2\Kom(Y[-l],X) L \v [L] 

[L] 

for any X, Y and leC. 

The symmetry-II naturally deduces the associativity of %x(C). 

Theorem 4.2. The algebra %m{C) is associative. 

Proof. For any X, Y and Z in C, we need to prove 

V[Z] * ( V [X] * V[Y]) = (V[ Z ] * V [X ]) * V [Y ]. 

By the definition of the multiplication, it is equivalent to prove 

J2{Y,X[l]}{L,Z[l}}\Rom(Y,X[l]) m \ ■ \Rom(L, Z[1]) M[X] \ 

[L] 

= ^{X,Z[l]}{r,L'[l]}|Hom(X,Z[l]) i , [1] |.|Hom(r,L'[l]) M[1] |. 

[£'] 

Following the first statement of The symmetry-II, LHS is equal to 

]T {Y,X[l]}{L,Z[l}}\Rom(Y,X[l])^' m \ ■ \Uom(X, Z[1]) L LI[1] \- 

[L]:[L'] 

|Hom(r, Z[l})\ -{X(SY, Z[l}} ■ {L, Z[l]}-\ 
Following the second statement of The symmetry-II, RHS is equal to 

]T {X,Z[l]}{Y,L'[l}}\nom(X,Z[l})^ m \ ■ \Hom(Y, X[\]) L m \- 

[L'UL] 

|Hom(y, Z[l])\ ■ {Y,X[1} © Z[l]} ■ {Y,L'[l}}-\ 
The equality LHS=RHS is just the third statement of The symmetry-II. □ 

Theorem 4.3. The map $ : H M (C) -» H(C) by = |AutJT| • {X,X} ■ u [x] 

for any X € C is an algebraic isomorphism between ^^(C) and %{€). 

Proof. It is obvious that $ is a bijection. In order to prove the theorem, it is 
enough to show that $ is an algebraic morphism. For any X, Y £ C, we have 
&( v \x]) * ®( V [Y]) is equal to 

(|AutX| ■ {X, X} ■ u [x] ) ■ (|AutY| • {Y, Y} ■ u [Y] ) 

\- |Hom(L,y) x[1] | ^ vl {L,Y}-{X,X} 
= X, | AutL , • \ AutX \ {LL} ■(\AutL\.{L,L}.u [L] ) 

= {Y,X[1}} ■ \Kom(Y,X[l]) L[1] \ ■ (|AutL| • {L,L} ■ u [L] ) 

[L] 

= <S>(v [ x]*V [Y ]). 
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Here, the second equality follows from Corollary 2.2. □ 

5. Motivic Hall algebras 

The aim of this section is to give an alternative proof of j9[ Proposition 10] 
suggested by the proof of Theorem 14.21 We recall the definition of motivic Hall 
algebras in [9]. In the following, fix the complex field C. A ind-constructible set is 
a countable union of non-intersecting constructible sets. 

Example 5.1. [21 [21] Let C be the complex field and A be a finite dimensional 
algebra CQ/I with indecomposable projective modules Pi, i — 1, • • • ,1. Given a 
projective complex P* = (P l ,di)i e z with P l = 0. =1 eJP,-. We denote by e L the 
vector (e\, e\, ■ ■ ■ , e\). The sequence, denoted by e = e(P*) = (e l )iez is called the 
projective dimension sequence of P* . We assume that only finitely many e l in e is 
nonzero. Define P(A,e) to be the subset of 

i i 

l[hom A (P l , P i+1 ) = II hom A (0 efr, ef^P,) 
iez iez j=i j=i 

which consists of elements (di : P l — > P l+1 )i^z such that di+idi = for all 
i 6 Z. It is an affine variety with a natural action of the algebraic group G e = 
n igZ Aut A (P 1 )- Let K (V b {A)), or simply by K , be the Grothendieck group of 
the derived category V b (A), and dim : V b (A) — > K (V b (A)) the canonical surjec- 
tion. It induces a canonical surjection from the abelian group of dimension vector 
sequences to K , we still denote it by dim . Given d S K , the set 

V(A,d)= □ V(A,e) 
eedim _1 (d) 

is an ind-constructible set. 

Let X be a constructible stack over C. The set Mot(X) is an abelian group 
generated by isomorphism classes [it : S — > X] of morphisms to X satisfying: 

• [(Si LJS2) -*X\ = [Si -^X] + [S 2 -> Af] 

• [7Ti : <Si — > <Y] = [tt2 : 1S2 — > X] if 3 Zariski fibrations /i : «Sj — > S, i = 1, 2 
and /i : 5 — > <Y with 7ri = ho fa, 

Mot(X) is naturally the Mot(Spec(C))-modu\e. Denote by L the identity clement 
in Mot{Spec(C)) and Mot(X)^- 1 ] the localization of Mot(X). 
In the following, we assume that 

• objects in C form an ind-constructible set Db)(C) — Xi for countable 
constructible stacks Xi with the action of an affine algebraic group Gi. 

• For any Xi,Xj, 3n(i,j) € N such that < n(i,j) for Xi 6 Xi,Xj £ 
Xj. 

For example, if A = modA for a finite dimensional algebra A over C, the above 
assumptions hold for T> b (A). The quotient stack of Xi by Gi is denoted by [Xi/Gi]. 
Define 

MH(C) = Mot^/G,])^- 1 ] 

with the multiplication 

[tti : Si -y Dbj(C)] • [tt 2 : S 2 -y Dbj(C)] = ^[tt : W„ -»• Obj(C)]L- w 

nGZ 
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where 

VV n = {(s 1 ,s 2 ,a) Si eSi,a& Hom c (7r 2 (s 2 ), 7ri(si)[l]), 
^(-l)Mim c Hom( 7 r 2 (s 2 )[i],7r 1 (s 1 )[l])=n.} 

j>0 

The map ir sends (si,s 2 ,a) to Cone(a)[— 1]. For I,y e Dbj(C), set 

{X, y} := L^- i > 0< - _1 ^ dimcHom( - x W' r \ 

For convenience, we use the integral notation for the right-hand term in the defini- 
tion of the multiplication. Then the multiplication can be rewritten as 

[tt! : Si -> flbj(C)] • [tt 2 : S 2 Dbj(C)] 
[Hom c (7r 2 (s 2 ),7ri(s 1 )[l]) -> Dbj(C)] • {7r 2 (s 2 ), 7n(«i)[l]} 

siG5i,s 2 £5i 



{7T 2 (s 2 ),7Ti(si)[1]} • / W [B] 

where := [7r : pt — > Dbj(C)] with n(pt) = E. 

Theorem 5.2. 9 ( Proposition 10] With the above multiplication, M%(C) becomes 
an associative algebra. 

Inspired by [9] and [3U], the proof is a motivic version of The symmetry-II. 

Proof. By the reformulation of the multiplication definition, the proof of the theo- 
rem is easily reduced to the case that 5, is just a point. Given X, Y and Z s Dbj(C), 
v [z] * { v [x] * V [Y]) is equal to 



71 := / / {y,X[l]}.{L,Z[l]}.» [M] 

7oeHoni(y,X[l]) i[1] ^/9eHoro(i,Z[l]) M[1] 

and (tira * Wfxj ) * U[yi is equal to 



75:= / / {X,Z[1]}.{F,L'[1]}.« [M] . 

Ja'GHom(A,Z[l]) i , (1] i/3'eHom(y,L'[l]) M[1] 

Using the notation in Section 3, we have 

71= / / ; {Y,X[1]}.{L,Z[1]}.« [M] 

7 Q1 'eHom(X,Z[l])J /[1] ,aeHom(y,X[l])£j 1] J^eHomCL.ZIl])^, 

and 

75= / / , {X,Z[l]}-{F,L'[l]}-v [M] . 

J Q SHom(y,A'[l])^ 1] , Q 'eHom(X,Z[l])^ [l] ./,9'eHom(Y,2y[l])£ f ^ 

As the proof of Theorem 14. 21 fix a € Hom(Y, X[l])£rj, , by the diagram 13. 1[ there is 
a constructible bundle Hom(L, Zfl])^^ — > Hom(X, ^[l])^,^ with fibre dimension 

dimHom(r, Z[l\) + dim{X ffi Y, Z[l]} - dim{L, Z[l]}. 
Fix a' 6 Hom(X, by the dia gram 13.11 there is a constructible bundle 

Hom(Y, i'[l])^f'm — > Hom(Y,X[l])£|- 1 ] with fibre dimension 

dimHom(Y, Z[l]) + dim{F, X[l] © Z[l]} - dim{F, L'[l]}. 
Hence, we have 71 = 75- D 
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